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Abstract
We investigate the action of pseudodifferential operators of Beurling type on the wave front sets. More precisely, we show that
these operators are microlocal, that is, preserve or reduce wave front sets. Some consequences on micro-hypoellipticity are derived.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The non-quasianalytic classes of differentiable functions are intermediate spaces between real analytic and
C∞-functions. According to their topological structure they can be classified in classes of Beurling or of Roumieu
type. The Roumieu classes are projective limits of (LB)-spaces, so the topology is similar to the one of the space of real
analytic functions. The most relevant examples of classes of Roumieu type are the Gevrey classes. On the contrary, the
Beurling classes are Fréchet spaces, so in a certain sense they are closer to the space of all smooth functions. While a
theory of pseudodifferential operators on Gevrey classes or on more general classes of ultradifferentiable functions of
Roumieu type was previously and extensively studied by many authors ([3,9,13,15,17] among others), only recently
these operators on spaces of Beurling type were considered [7]. In that paper it was proved that pseudodifferential
operators are pseudolocal, that is, they reduce the singularities of compactly supported ultradistributions. However,
no information was given on the directions of the singularities. The aim of the present paper is to prove that also the
wave front set is reduced under the action of a pseudodifferential operator of Beurling type. This result is obtained
after a discussion on the singular support of distributions obtained under the action of a pseudodifferential operator of
Beurling type on functions in L2. As an application some results on micro-hypoellipticity are also provided.
✩ The research of the authors was partially supported by MEC and FEDER, Projects MTM2004-02262 and MTM2007-62643, and net MTM2006-
26627-E.
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included showing that a given ultradistribution can have a singularity at a given point with respect to two different non-
quasianalytic classes and however present different directions for the singularities. We show that the Roumieu ω-wave
front set WF{ω}u coincides with
⋃
σ∈S WF(σ )u, being WF(σ )u the Beurling σ -wave front set, where S is a suitable
family of weights dominated by ω. In Section 3 we show that the (ω)-wave front set is reduced under the action of (ω)-
pseudodifferential operators. This property and the existence of parametrices within the class of (ω)-pseudodifferential
operators [6] will give (ω)-micro-hypoellipticity results. Corresponding micro-hypoellipticity results in the Roumieu
setting are also obtained.
2. Notation and preliminaries
Definition 1. (See [4].) A non-quasianalytic weight function is an increasing continuous function ω : [0,∞[ → [0,∞[
with the following properties:
(α) there exists L 0 with ω(2t) L(ω(t)+ 1) for all t  0,
(β) ∫∞1 ω(t)t2 dt < ∞,
(γ ) log(t) = o(ω(t)) as t tends to ∞,
(δ) ϕ : t → ω(et ) is convex.
If the weight ω satisfies the additional condition:
(	) there exists C  1 such that for all y > 0,
∞∫
1
ω(ty)
t2
dt  Cω(y)+C,
we will say that ω is a strong weight. The Young conjugate ϕ∗ : [0,∞[ → R of ϕ is given by ϕ∗(s) :=
sup{st − ϕ(t), t  0}.
There is no loss of generality to assume that ω vanishes on [0,1]. Then ϕ∗ has only non-negative values, it is
convex and ϕ∗(t)/t is increasing and tends to ∞ as t → ∞ and ϕ∗∗ = ϕ.
Examples. The following functions are, after a change in some interval [0,M], examples of strong weight functions:
(i) ω(t) = td for 0 < d < 1.
(ii) ω(t) = (log(1 + t))s , s > 1.
Definition 2. (See [4].) Let ω be a weight function. For an open set Ω ⊂ RN we let
E(ω)(Ω) :=
{
f ∈ C∞(Ω): ‖f ‖K,λ < ∞, for every K Ω and every λ > 0
}
,
and
E{ω}(Ω) :=
{
f ∈ C∞(Ω): for every K Ω there exists λ > 0 such that ‖f ‖K,λ < ∞
}
,
where
‖f ‖K,λ := sup
x∈K
sup
α∈NN0
∣∣f (α)(x)∣∣ exp(−λϕ∗( |α|
λ
))
.
E(ω)(Ω) is a Fréchet space, that is, a complete and metrizable locally convex space, while E{ω}(Ω) is a PLS-space,
that is, a projective limit of a sequence En, where each En is an inductive limit of Banach spaces with compact linking
maps. In the case that ω(t) := td (d < 1), the corresponding Roumieu class is the Gevrey class with exponent 1/d. In
the limit case d = 1, not included in our setting, the corresponding Roumieu class is the space of real analytic functions
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ultradifferentiable functions of Beurling type (respectively Roumieu type) in Ω. For ∗ = (ω) or ∗ = {ω} we denote
by D∗(K), K ⊂ Ω compact, the collection of all those f ∈ E∗(Ω) ∩ D(K). Then D∗(Ω) = indnD∗(Kn), where
(Kn) is any compact exhaustion of Ω. The elements of D′(ω)(Ω) (respectively D′{ω}(Ω)) are called ultradistributions
of Beurling (respectively Roumieu) type. Since D(ω)(Ω) ⊂ D{ω}(Ω) and the inclusion is continuous and has dense
range, D′{ω}(Ω) can be identified with a subset of D′(ω)(Ω).
The ∗-singular support of T ∈D′∗(Ω), denoted by sing∗ suppT , is the complementary in Ω of the biggest open set
U ⊂ Ω so that T |U ∈ E∗(U).
The space DL2,(ω) is the set of all C∞-functions f on RN such that
‖f ‖2,n := sup
α∈NN0
∥∥f (α)∥∥2 exp(−nϕ∗( |α|n
))
< ∞
for all n ∈ N.
We have the following inclusions which are continuous and dense:
D(ω)
(
RN
)⊂DL2,(ω) ⊂ E(ω)(RN ).
In particular the dual space D′L2,(ω) can be identified with a subspace of D′(ω)(RN). It is easy to see that DL2,ω ⊂
L2(RN) ⊂D′L2,ω. We refer to [1] for the properties of these spaces.
Let G ∈H(CN) be an entire function such that log |G(z)| =O(ω(|z|)) as |z| tends to infinity. Then,(
G(D)f
)
(x) =
∑
α∈NN0
(i)|α|G
(α)(0)
α! f
(α)(x)
is called (ω)- ultradifferential operator. By [1] it is continuous from DL2,ω into itself.
Definition 3. Let Ω be an open set in RN , 0 δ < ρ  1, d := ρ − δ and let us assume that ω(t) = o(td) as t → ∞.
A symbol in Sm,ωρ,δ (Ω) is a function p(x, ξ) in C∞(Ω × RN) such that for every compact Q ⊂ Ω there are R  1,
B  1 and a sequence Cn > 0, n ∈ N, with the property∣∣DαxDβξ p(x, ξ)∣∣Cne(ρ−δ)n(ϕ∗( |α|n )+ϕ∗( |β|n ))emω(ξ)(1 + |ξ |)|α|δ−|β|ρ (1)
for every n ∈ N, x ∈ Q, log( |ξ |
R
) n|β|ϕ∗(
|β|
n
).
Every such a symbol defines a continuous and linear operator P := P(x,D) :D(ω)(Ω) → E(ω)(Ω) given by
P(x,D)ϕ =
∫
p(x, ξ)eixξ ϕˆ(ξ) dξ
which is called pseudodifferential operator of class (ω) and type (ρ, δ). As it was shown in [7], P admits a continuous
and linear extension P : E ′(ω)(Ω) → D′(ω)(Ω) which is pseudolocal, that is, it shrinks (ω)-singular supports in the
sense that sing(ω) suppPu ⊂ sing(ω) suppu for every u ∈ E ′(ω)(Ω).
Many operators from D(ω)(Ω) to E(ω)(Ω) can be expressed as pseudodifferential operators of class (ω) (see
[7, Section 2]). In particular, each (ω)-ultradifferential operator G(D) is a pseudodifferential operator with sym-
bol (2π)−NG(ξ). Moreover, under suitable conditions it is possible to construct parametrices for (ω)-hypoelliptic
operators of constant strength.
3. Elementary properties
Definition 4. Given a weight function ω and u ∈ D′(ω)(Ω), the wave front set WF(ω)u of u is the complement in
Ω × (RN \ {0}) of those points (x0, ξ0) for which u is (ω)-micro-regular in the sense that there exist ϕ ∈ D(ω)(Ω),
ϕ = 1 in a neighborhood of x0, and a conic neighborhood Γ of ξ0, both ϕ and Γ depending on the point (x0, ξ0), such
that for every n ∈ N there is Cn > 0,∣∣ϕ̂u(ξ)∣∣ Cn exp(−nω(ξ)), ξ ∈ Γ. (2)
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WF(ω)u ⊂ WF(σ )u
for every u ∈D′(ω)(Ω) ⊂ D′(σ )(Ω).
We start with three examples showing that the inclusion above can be strict. The first one is a modification
of [16, 1.7.6].
Example 1. Let σ(t) = ta , 0 < a < 1, be a Gevrey weight and let τ,ω be weights such that τ(td) = O(ω(t)) and
ω(t) = o(σ (t)) as t goes to infinity for some d > 1. Then there is u ∈ E ′(τ )(R) with the property that
sing(τ ) suppu = sing(σ ) suppu = {0}
but
WF(τ )u 
= WF(σ )u.
Proof. We first observe that E(σ )(R) ⊂ E(ω)(R) ⊂ E(τ )(R). An argument due to Langenbruch ([12, 1.3, 1.4], see also
[8, 2.5]) permits to prove the existence of a test function ϕ ∈D(ω)(R) such that ϕˆ(0) = 1 and ϕˆ(ξ) 0 for all ξ ∈ R
and such that the origin is the (σ )-singular support of ϕ. Without loss of generality we can assume that
{0} × (−∞,0) ⊂ WF(σ )ϕ.
Then, there is an increasing and unbounded sequence (tj ) such that
lim
j→∞ ϕˆ(−tj )e
σ(tj ) = +∞. (3)
We now take 0 < 	 < 1 such that 1 − 	 = 1
d
and we choose αj > 0 satisfying
2αj
α	j
= tj .
Finally we define
u(x) =
∞∑
n=1
1
n2
ϕ
(
α	nx
)
eiαnx .
Then
uˆ(ξ) =
∞∑
n=1
1
n2
1
α	n
ϕˆ
(
ξ − αn
α	n
)
.
In particular uˆ(αn) 1n2α	n and uˆ(−αn)
1
n2α	n
ϕˆ(−tn).
(i) We can choose the sequence (tj ) large enough so that
τ(αn) 2 logn+ 	 logαn.
Hence,∣∣uˆ(αn)∣∣eτ(αn)  1
and we conclude that u /∈D(τ )(R). Since it is easy to get the (σ )-regularity of u outside the origin, we finally obtain
that
sing(τ ) suppu = sing(σ ) suppu = {0}. (4)
(ii) For every k > 0 there is Ck > 0 such that for any ξ > 0 we have∣∣∣∣ϕˆ(−ξ − αn	 )
∣∣∣∣Cke−kω( ξ+αnα	n ).αn
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xd + yd  xyd−1
with x = ξ 1d and y = α
1
d
n we get
ξ + αn
α	n
 ξ 1d .
Then ∣∣∣∣ϕˆ(−ξ − αnα	n
)∣∣∣∣ Cke−kω(ξ 1d )  Cke−kτ(ξ).
Consequently,
∣∣uˆ(−ξ)∣∣ekτ(ξ)  Ck ∞∑
n=1
1
n2
< +∞. (5)
It follows from (4) and (5) that
WF(τ )u = {0} × (0,+∞).
(iii) Since σ(t) = ta, we can choose the sequence (tn) in such a way that
σ(αn) rnσ (tn)+ 2 logn+ 	 logαn
for a certain (rn) going to infinity. Moreover, for any test function ψ ∈D(σ )(R), equals to 1 in a neighborhood of the
origin, then there is m such that
(ψu)(x) = ψ(x)
m∑
n=1
1
n2
ϕ
(
α	nx
)
eiαnx +
∞∑
n=m+1
1
n2
ϕ
(
α	nx
)
eiαnx
=: fm + um.
Since ∣∣uˆm(−αn)∣∣eσ(αn)  ϕˆ(−tn)ernσ (tn)
for any n >m and fm ∈ E ′(σ )(R) we deduce from (3) that
{0} × (−∞,0) ⊂ WF(σ )u. 
In the previous example we can take τ as a power of the logarithm or an appropriate Gevrey weight.
Example 2. Let γ be a smooth curve in an open set U ⊂ R2 such that U \γ ∗ only has two connected components and
let f ∈D′(U) be the characteristic function of one of these components. If a given point x0 of the curve is contained
in a line which is not orthogonal to γ and whose directions are not in the (ω)-wave front set of f , then γ is, in some
neighborhood of x0, the graph of a function in the Beurling class E(ω).
Proof. After a translation and a rotation in the variables we can assume the following facts:
(i) There are a neighborhood V := (−a, a) × R of x0 = (0,0) ∈ γ ∗ and a smooth function ϕ : (−a, a) → R with
the properties that ϕ(0) = 0 and γ ∗ ∩ V = Graph(ϕ).
(ii) The restriction of f to V coincides with the characteristic function of the set {(x, y) ∈ (−a, a)× R; y > ϕ(x)}.
(iii) No direction in the real line is contained in the (ω)-wave front set at point x0, that is, f is (ω)-micro-regular at
the points (x0, (ξ,0)) and (x0, (−ξ,0)).
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the existence, for all n ∈ N, of a constant Cn > 0 with∣∣(̂Φf )(ξ,0)∣∣ Cne−nω(ξ) (6)
for every ξ ∈ R. On the other hand,
(̂Φf )(ξ,0) =
δ∫
−δ
( δ∫
ϕ(x)
Φ(x, y) dy
)
e−ixξ dx
=
∫
R
g(x)
( δ∫
ϕ(x)
g(y) dy
)
e−ixξ dx
= F̂ (ξ),
where
F(x) := g(x)
δ∫
ϕ(x)
g(y) dy.
The inequalities (6) imply that F ∈D(ω)(R). Let us take 0 < b < 	 small enough so that |ϕ(x)| < 	 whenever |x| < b.
Then, for every x ∈ (−b, b) we have
F(x) = 	 − ϕ(x)+
δ∫
	
g(y) dy.
It follows that ϕ ∈ E(ω)(−b, b). 
We recall that the function f in the previous example is C∞-micro-regular at each point of the curve and any
direction except the two normal directions.
Example 3. Let ω = o(σ ) be given and let us take an even test function f ∈ D(ω)(R) and an ultradistribution g ∈
E ′(ω)(R) satisfying
0 ∈ sing(σ ) suppf ∩ suppg.
Then, for h := f ⊗ g ∈ E ′(ω)(R2), the following holds:
(a) If ((x, y), (ξ, η)) ∈ WF(ω)h, then ξ = 0.
(b) ((0,0), (ξ,0)) ∈ WF(σ )h for all ξ 
= 0.
Proof. (a) Let (x0, y0) and (ξ0, η0) be given, ξ0 
= 0. We select test functions ϕ,ψ ∈ D(ω)(R) with ϕ(x0) 
= 0 and
ψ(y0) 
= 0. Moreover, let Γ be an open conic neighborhood of (ξ0, η0) satisfying |η| B|ξ | for every (ξ, η) ∈ Γ. We
now define Φ = ϕ ⊗ψ and we evaluate
(̂Φh)(ξ, η) = (̂ϕf )(ξ)(̂ψg)(η).
There is a sequence (Cn) of positive numbers such that∣∣(̂ϕf )(ξ)∣∣ Cne−nω(|ξ |)
for all ξ ∈ R. On the other hand, for some C > 0 and k ∈ N we have∣∣(̂ψg)(η)∣∣ Cekω(|η|)
for every η ∈ R. It easily follows that
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(ξ,η)∈Γ
∣∣(̂Φh)(ξ, η)∣∣em(ω(ξ)+ω(η)) < +∞
for every m ∈ N, which shows that h is (ω)-micro-regular at point ((x0, y0), (ξ0, η0)).
(b) Since the origin belongs to sing(σ ) suppf and f is an even function we have
{0} × (0,+∞) ⊂ WF(σ )f.
Let ϕ ∈ D(σ )(R) be given, ϕ = 1 on a neighborhood of the origin. Then there are k ∈ N and an unbounded se-
quence (ξn) such that∣∣(̂ϕf )(ξn)∣∣ ne−kσ (ξn).
Let now Γ denote an arbitrary open conic neighborhood of the positive real line. Then, for Φ = ϕ ⊗ ϕ, we have∣∣(̂Φh)(ξn, η)∣∣ ne−kσ (ξn)∣∣(̂ϕg)(η)∣∣.
Since the origin is in the support of g there is η0 > 0 such that (̂ϕg)(η0) 
= 0. For n large enough the point (ξn, η0) is
in Γ. Hence
sup
(ξ,η)∈Γ
∣∣(̂Φh)(ξ, η)∣∣ekσ(ξ) = +∞.
We conclude that h is not (σ )-micro-regular at any point ((0,0), (ξ,0)), ξ > 0. A similar reasoning permits to analyze
the direction in the negative real line. 
It is easy to deduce that for any u ∈D′(ω)(Ω) and f ∈ E(ω)(Ω) we have
WF(ω)(f u) ⊂ WF(ω)(u).
Remark. Let us assume that ω and σ are weight functions such that
∞∫
1
ω(ts)
s2
ds = O(σ(t)) (7)
as t → ∞. If there exists ϕ ∈D(σ )(Ω) such that ϕ(x0) 
= 0 and (2) is satisfied in some conic neighborhood of ξ0, then
u is (ω)-micro-regular at point (x0, ξ0).
In fact, according to [5, 3.7], there is ψ ∈D(ω)(Ω) that equals to 1ϕ in a neighborhood of x0. Hence the estimate (2)
is satisfied in an appropriate conic neighborhood of x0 when replacing ϕ by ψϕ. We observe that if ω is a strong
weight, then the condition (7) holds for σ = ω.
The following proposition can be compared with [10, Lemma 8.2.1]. We give the proof for the sake of complete-
ness.
Proposition 1. Let Γ be a closed set in Ω × (RN \ {0}) conic with respect to the second variable and u ∈D′(ω)(Ω)
be given. The following statements are equivalent:
(1) WF(ω)u ⊂ Γ .
(2) For every ϕ ∈D(ω)(Ω) and every closed cone V in RN with
Γ ∩ (suppϕ × V ) = ∅, (8)
we have
sup
ξ∈V
∣∣ϕ̂u(ξ)∣∣enω(ξ)  Cn, (9)
for some sequence (Cn)n of positive constants.
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neighborhood V of ξ0, U ⊂ Ω, such that (U × V ) ∩ Γ = ∅. Then, we can take ϕ ∈ D(ω)(Ω), ϕ = 1 near x0 and
support in U . Thus, the function ϕ and the set V satisfy formula (8) and, consequently, inequality (9) is true for some
sequence (Cn)n. By definition, the point (x0, ξ0) is not in WF(ω)u.
In the opposite direction, let us assume WF(ω)u ⊂ Γ and let ϕ ∈D(ω)(Ω) and V be a closed conic neighborhood
in RN satisfying (8).
We fix ξ0 ∈ V . For each x ∈ suppϕ we have (x, ξ0) /∈ WF(ω)(ϕu) ⊂ WF(ω)u. Hence there are a neighborhood Ux
of x and a test function φx ∈D(ω)(Ux), equals to 1 in a neighborhood Vx ⊂ Ux of x, a conic neighborhood γx,ξ0 of ξ0
and a sequence Cn,x,ξ0 > 0, n ∈ N, with the property∣∣φ̂xϕu(ζ )∣∣ Cn,x,ξ0e−nω(ζ ), n ∈ N, ζ ∈ γx,ξ0 .
Let Vx1 , . . . , Vxk be a finite subcover of suppϕ and let {ψxj }kj=1, ψxj ∈D(ω)(RN), be a partition of unity subordinate
to this subcover of suppϕ. Then ϕ =∑kj=1 ϕψxj , and moreover, ϕψxj u = ϕφxj ψxj u for each j = 1, . . . , k. Using a
version of [10, Lemma 8.1.1], which can be in fact obtained with a similar proof, |ϕ̂ψxj u(ζ )|  C˜n,xj ,ξ0e−nω(ζ ) for
ζ ∈ γ˜xj ,ξ0 , being γ˜xj ,ξ0 a conic neighborhood of ξ0, subset of γxj ,ξ0 . Thus, if Cn,ξ0 := max1jk C˜n,xj ,ξ0 , n ∈ N, and
γξ0 :=
⋂
1jk γ˜xj ,ξ0 , conic neighborhood of ξ0, we have
∣∣ϕ̂u(ζ )∣∣= ∣∣∣∣∣
(
k∑
j=1
ϕψxj u
)̂
(ζ )
∣∣∣∣∣
k∑
j=1
∣∣ϕ̂ψxj u(ζ )∣∣ kCn,ξ0e−nω(ζ ),
when ζ ∈ γξ0 and n ∈ N. Finally, a compactness argument permits to conclude. 
The proof of the next result runs as in the C∞ case.
Theorem 1. Let u ∈D′(ω)(Ω) be given. Then the projection of WF(ω)u on the first variable is the (ω)-singular support
of u.
Our aim now is to study the relation between the wave front set in the Roumieu and the Beurling setting. We extend
[2, Corollary 3.7] in terms of wave front sets.
Definition 5. Given a weight function ω and u ∈ D′{ω}(Ω), the wave front set WF{ω}u of u is the complement in
Ω × (RN \ {0}) of those points (x0, ξ0) for which there exist ϕ ∈D{ω}(Ω), ϕ = 1 in a neighborhood of x0, and a conic
neighborhood Γ of ξ0, both ϕ and Γ depending on the point (x0, ξ0), such that for some C,ε > 0,∣∣ϕ̂u(ξ)∣∣ C exp(−εω(ξ)), ξ ∈ Γ. (10)
Given two weight functions σ0 and ω such that σ0 = o(ω) we will use the notation
S := {σ weight function: σ0  σ = o(ω)}.
Proposition 2. For σ0, σ and ω as above, and u ∈ E ′(σ0)(Ω), we have
WF{ω}u =
⋃
σ∈S
WF(σ )u.
Proof. The inclusion
⋃
σ∈S WF(σ )u ⊂ WF{ω}u follows immediately from the definition of S and the fact that the
wave front set is closed.
In order to show the converse inclusion, let us assume (x0, ξ0) /∈ Γ := ⋃σ∈S WF(σ )u. We can find a neighbor-
hood U of x0 and a conic neighborhood V of ξ0 such that
(U × V )∩
⋃
WF(σ )u = ∅.
σ∈S
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Γ ∩ (U × V ) = ∅, it follows from Proposition 1 that for each n ∈ N there is Cσn > 0 with the property∣∣ϕ̂u(ξ)∣∣ Cσn e−nσ(ξ), ξ ∈ V.
We will deduce from this fact that (x0, ξ0) /∈ WF{ω}u by proving that there exist two constants C,ε > 0 such that∣∣ϕ̂u(ξ)∣∣ Ce−εω(ξ), ξ ∈ V. (11)
We proceed by contradiction and suppose that there is a sequence (ξn) in V , such that Rn := |ξn| is increasing and
tends to infinity, satisfying∣∣ϕ̂u(ξn)∣∣ ne− 1nω(ξn), n ∈ N.
As in [4, Lemma 1.7] we can find a weight function σ ∈ S such that for large values of n ∈ N,∣∣ϕ̂u(ξn)∣∣ ne−σ(ξn),
which is a contradiction with the fact that |ϕ̂u(ξ)| Cσ1 e−σ(ξ), for ξ ∈ V . 
According to [4, Proposition 7.6], for every u ∈ E ′{ω}(Ω) there is a weight function σ0 = o(ω) such that u ∈
E ′(σ0)(Ω). Hence we obtain the following
Corollary 1. Given u ∈ E ′{ω}(Ω), there is a weight function σ0 = o(ω) such that u ∈ E ′(σ0)(Ω) and, in this case, we
have
WF{ω}u =
⋃
σ∈S
WF(σ )u,
for S = {σ weight function: σ0  σ = o(ω)}.
4. Pseudodifferential operators and wave front sets
In [7] we proved that the (ω)-singular supports of compactly supported ultradistributions are not increased under
the action of (ω)-pseudodifferential operators. Our aim now is to analyze the action of these operators on the wave
front sets. More precisely, we want to show that a pseudodifferential operator P = P(x,D) reduces the wave front
set in the (ω)-setting. Our approach differs from the one of Hörmander. The proof is based on a decomposition of
the operator as P = P ◦ ψ(D) + P ◦ (I − ψ(D)), where ψ(D) is a pseudodifferential operator of (ω)-class whose
symbol is a function ψ(ξ) ∈ E(ω)(RN) with support in a cone Γ and equals to 1 in a cone Γ ′  Γ for |ξ | large.
Such an operator ψ(D) is not necessarily properly supported, therefore ψ(D)u as well as (I − ψ(D))u need not be
compactly supported. However, we will prove that ψ(D) transforms E ′(ω)(Ω) into D′L2,ω , while P(x,D) admits a
continuous and linear extension
P(x,D) :D′L2,ω →D′(ω)(Ω).
So the above decomposition of P(x,D) makes sense. We will need a kind of pseudolocal property for P(x,D) acting
on ultradistributions in D′L2,ω: this is the content of Proposition 3. This property does not follow automatically from
the known fact that P(x,D) reduces the (ω)-singular support of arbitrary ultradistributions with compact support.
Since every ultradistribution in D′L2,ω can be obtained as the action of a differential operator of infinite order on a
function in L2, we first analyze the regularity properties of P(x,D)u in the case that u ∈ L2(RN).
Lemma 1.
(a) The pseudodifferential operator P(x,D) :D(ω)(Ω) → E(ω)(Ω) admits a continuous and linear extension
P(x,D) :D′L2,ω →D′(ω)(Ω)
with the property P(x,D)(DL ,ω) ⊂ E(ω)(Ω) and2
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∫
RN
p(x, ξ)eix·ξ fˆ (ξ) dξ
for every f ∈DL2,ω.
(b) Every pseudodifferential operator ψ(D) of (ω)-class whose symbol, ψ(ξ), is a function independent of x, admits
a continuous and linear extension
ψ(D) : E ′(ω)(Ω) →D′L2,ω.
Proof. (a) We can apply [11, 1.3] and [1, Proposition 2.6] to conclude that, for every m ∈ N, there exist two positive
constants Cm and λ(m) such that for each f ∈DL2,ω ,∫
RN
∣∣fˆ (ξ)∣∣ exp(mω(ξ))dξ  Cm‖f ‖2,λ(m).
Now, a small modification of the proof of [7, Proposition 2.4] gives that P(x,D) admits a continuous and linear
extension P(x,D) :DL2,ω → E(ω)(Ω). Moreover
P(x,D)f =
∫
RN
p(x, ξ)eix·ξ fˆ (ξ) dξ
for every f ∈ DL2,ω. Now, since the transpose operator P(x,D)t is the pseudodifferential operator with amplitude
p(y,−ξ) we can apply [7, Proposition 2.16] and [1] to conclude that P(x,D)t : D(ω)(Ω) → DL2,ω is continuous.
Thus
P(x,D)tt :D′L2,ω →D′(ω)(Ω)
is a continuous and linear extension of P(x,D), which we still denote by P(x,D).
(b) ψ(D)t is a pseudodifferential operator with symbol ψ(−ξ). According to part (a), there is a continuous and
linear extension ψ(D)t :DL2,ω → E(ω)(Ω). Thus, the second transpose ψ(D)tt is the desired extension of ψ(D). 
Our next aim is to check that this operator P(x,D) :D′L2,ω →D′(ω)(Ω) reduces the (ω)-singular support in Ω .
Lemma 2. Let v ∈ L2(RN) be such that v vanishes on the open set V ⊂ Ω . Then P(x,D)v ∈ E(ω)(V ).
Proof. We proceed in three steps.
First step. We prove that〈
P(x,D)v,ϕ
〉= ∫ vˆ(ξ)(∫ eixξp(x, ξ)ϕ(x) dx)dξ
for every test function ϕ supported in V. Indeed, let μj ∈D(ω) be a sequence converging to v in L2(RN). An appli-
cation of Fubini’s theorem gives〈
P(x,D)μj ,ϕ
〉= ∫ μ̂j (ξ)(∫ eixξp(x, ξ)ϕ(x) dx)dξ. (12)
It follows from [7, Proposition 1.9] that the function
ξ →
∫
eixξp(x, ξ)ϕ(x) dx
is in L2(RN). Hence the conclusion follows after taking limits in (12) as j → ∞.
Second step. We consider a test function Ψ ∈D(ω)(RN) such that Ψ (ξ) = 1 for |ξ | 1 and Ψ (ξ) = 0 for |ξ | 2.
Now, we get
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P(x,D)v,ϕ
〉 = lim
n→∞
∫
vˆ(ξ)Ψ
(
ξ
2n
)(∫
eixξp(x, ξ)ϕ(x) dx
)
dξ
:= lim
n→∞
∫
ϕ(x)fn(x) dx,
where fn(x) =
∫
vˆ(ξ)Ψ (
ξ
2n )e
ixξp(x, ξ) dξ . By Parseval’s formula
fn(x) =
∫
v(t)Kn(x, t) dt,
where Kn(x, t) =
∫
p(x, ξ)Ψ (
ξ
2n )e
i(x−t)ξ dξ , for x ∈ Ω . We observe that fn ∈ E(ω)(Ω).
Third step. Let V0 be a relatively compact set with V0 ⊂ V . We proceed as in the proof of [7, Theorem 2.17] to
prove that (fn) is a Cauchy sequence in E(ω)(V0).
Let ε > 0 be such that |x − t | > ε for any x ∈ V0 and t ∈ R \ V . If we fix R  3/ε, by the definition of symbol
there exists a sequence of positive constants (Ck) verifying∣∣DαxDβξ p(x, ξ)∣∣Ck e(ρ−δ)k(ϕ∗(|α|/k)+ϕ∗(|β|/k))(1 + |ξ |)|β|ρ−|α|δ emω(ξ)
for all k ∈ N, x ∈ V0 and log(|ξ |/R) k|β|ϕ∗( |β|k ).
We fix k¯ ∈ N and take k > k¯. For every s ∈ N we have, after integrating by parts s times with respect to the th
coordinate of ξ ,
Dαx
(
Kn(x, t)−Kn+1(x, t)
)= ∑
βα
(
α
β
)
(−1)s
(x − t)s
∫
ei(x−t)ξ λs,α,β dξ,
where
λs,α,β(x, ξ) = Dsξ
{
ξβDα−βx p(x, ξ)
(
Ψ
(
ξ
2n
)
−Ψ
(
ξ
2n+1
))}
.
Let s be a natural number with k
s
ϕ∗( s
k
) log( 2n
R1/(ρ−δ) ). Following a similar procedure as in [7, Theorem 2.17], we
obtain (the constant Ck has changed)
|λs,α,β | Ck3s
(
ekϕ
∗(s/k)
(2n)s
)ρ−δ
ek¯ϕ
∗(|α|/k¯)e(m+2k¯)ω(2n+3) := Is,α.
Since the support of λs,α,β(x, ·) is contained in that of Ψ ( ξ2n )−Ψ ( ξ2n+1 ), hence in {ξ ∈ RN : 2n  |ξ | 2n+2}, whose
Lebesgue measure is (2n+1)N(4N − 1), we have for each 1 N ,∣∣Dαx (Kn(x, t)−Kn+1(x, t))∣∣ 2|α| (2n+1)N(4N − 1)|x − t|s Is,α. (13)
We fix x ∈ V0 and denote by A, 1 N , the set of vectors t ∈ RN \ V such that |x − t | = |x − t| when t ∈ A.
It is obvious that RN \ V =⋃N=1 A. Since v vanishes on V , then we can estimate
∣∣Dα(fn − fn+1)(x)∣∣ N∑
=1
∫
A
∣∣v(t)∣∣ · ∣∣Dαx (Kn −Kn+1)(x, t)∣∣dt.
Now, the integral in A is less than or equal to
2|α|
(
2n+1
)N (4N − 1)Is,α ∫
A
|v(t)|
|x − t|s dt.
By the definition of the sets A we have
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A
|v(t)|
|x − t|s dt  supx∈V 0
∫
RN\V
|v(t)|
|x − t |s dt

∫
RN\B(0,ε)
dt
|t |s DN
(
1
ε
)s
, (14)
where B(0, ε) denotes the ball of center 0 and radius ε in the maximum norm and the last inequality holds for s large
enough.
We put R∗ = R1/(ρ−δ). Since 3
ε
R and the last estimate is independent of x ∈ V0 and  we deduce
‖fn − fn+1‖V0,k¯ NC˜k
(
2n+1
)N (4N − 1)( (R∗)sekϕ∗(s/k)
(2n)s
)ρ−δ
e(m+2k¯)ω(2n+3). (15)
Now, if we select k large enough, and take s such that
k
s
ϕ∗
(
s
k
)
 log
(
2n
R∗
)
 k
s + 1ϕ
∗
(
s + 1
k
)
,
then inequality (15) applied to 2k instead of k and an application of [7, Lemma 1.5(2)] gives
‖fn − fn+1‖V0,k¯ Dk
(
2n+1
)N
e−ω(2n).
Therefore it easily follows that (fn) is a Cauchy sequence in E(ω)(V0). Actually, as V0 is an arbitrary relatively compact
subset of V , (fn) is a Cauchy sequence in E(ω)(V ). It follows from the second step that P(x,D)v = f in V for
f = E(ω)(V )− lim
n→∞fn. 
Lemma 3. Let u ∈ L2(RN) be given. Then P(x,D)u ∈D′(ω)(Ω) and we have the inclusion
sing(ω) suppP(x,D)u ⊂ Ω ∩ sing(ω) suppu.
Proof. If x0 ∈ Ω and x0 /∈ sing(ω) suppu, then there exists a neighborhood V in Ω of x0 such that V ∩
sing(ω) suppu = ∅. Let ϕ ∈D(ω)(V ) such that ϕ ≡ 1 in a neighborhood V0 ⊂ V of x0. Then
P(x,D)u = P(x,D)ϕu+ P(x,D)(1 − ϕ)u.
Since ϕu ∈ D(ω)(V ) we can apply [7, Theorem 2.18] to obtain P(x,D)ϕu ∈ E(ω)(V ). On the other hand,
(1 − ϕ)u ∈ L2 and equals to 0 in V0. Hence, by Lemma 2, P(x,D)(1 − ϕ)u ∈ E(ω)(V0), which implies that
x0 /∈ sing(ω) suppP(x,D)u and the lemma is proved. 
Proposition 3. The pseudodifferential operator P(x,D) :D′L2,ω →D′(ω)(Ω) satisfies the following property:
sing(ω) suppP(x,D)T ⊂ Ω ∩ sing(ω) suppT
for all T ∈D′L2,ω .
Proof. We take T ∈ D′L2,ω. An application of [1, Theorem 2.5] and [2, Theorem 2.1] gives a representation of the
form T = G(D)f , where G(D) an ultradifferential operator of (ω)-class which can be chosen (ω)-hypoelliptic (see
[6, 2.1]) and f ∈ L2. We now suppose that x0 ∈ Ω and x0 /∈ sing(ω) suppT = sing(ω) suppG(D)f = sing(ω) suppf .
Then x0 /∈ sing(ω) suppf. By Cauchy’s inequalities and the definition of symbol, the operator P(x,D)G(D) is the
pseudodifferential operator with symbol p(x, ξ)G(ξ). Thus, by Lemma 3
x0 /∈ sing(ω) suppP(x,D)G(D)f = sing(ω) suppP(x,D)T ,
and the proposition is proved. 
Lemma 4. Let Γ and Γ ′ be two cones such that Γ ′ ∩ Sn−1  Γ ∩ Sn−1. Then
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(1) for every ξ ∈ RN with |ξ | > δ, ψ(ξ) = 1 if ξ ∈ Γ ′ and ψ(ξ) = 0 if ξ /∈ Γ,
(2) for every k ∈ N there is Ck > 0 such that, for all multi-index β,∣∣ψ(β)(ξ)∣∣ Ck|ξ ||β| exp
(
kϕ∗
( |β|
k
))
. (16)
(b) Moreover, let 0 δ < ρ  1 and d = ρ − δ be given. If there is a weight function σ with ω(t 1d ) = o(σ (t)), then
the function ψ can be constructed in such a way that ψ(ξ) is in the symbol class S0,ωρ,δ (Ω).
Proof. (a) Indeed, we take Φ ∈ D(ω)(RN) equals to 1 in a neighborhood of Γ ′ ∩ Sn−1 with support in a set V
satisfying V ∩ Sn−1 ⊂ Γ ∩ Sn−1 and χ ∈ E(ω)(Rn) equals to 0 in a neighborhood of the origin and equals to 1 if
|ξ | > δ for some 0 < δ < 1, then the function ψ(ξ) := Φ( ξ|ξ | )χ(ξ) belongs to E(ω)(RN) and satisfies the desired
properties.
(b) In the case ω(t 1d ) = o(σ (t)) we proceed as in the case (a) after selecting Φ with the additional property
Φ ∈ E(σ )(RN). Using the fact that for all k ∈ N there is Dk > 0 with
ekϕ
∗
σ (|β|/k) Dke(ρ−δ)kϕ
∗
ω(|β|/k)
we easily conclude that ψ(ξ) defines a symbol in the class S0,ωρ,δ (Ω). 
We observe that, for a test function u ∈D(ω)(RN), an application of the Fourier inversion formula shows
̂ψ(D)(u)(ξ) = (2π)Nψ(ξ)uˆ(ξ).
The wave front set can be characterized in terms of the action of suitable pseudodifferential operators. For our
purposes, we only need the following partial result.
Lemma 5. Let u ∈ E ′(ω)(Ω), x0 ∈ Ω and ξ0 ∈ RN \ {0} be given and let us assume that (x0, ξ0) /∈ WF(ω)u. Then there
are two open cones Γ and Γ ′ with the properties ξ0 ∈ Γ ′ and Γ ′ ∩ Sn−1  Γ ∩ Sn−1 such that, for the function ψ(ξ)
of the previous lemma,(
ψ(D)u
)∣∣
V
∈ E(ω)(V )
for some neighborhood V ⊂ Ω of x0.
Proof. Since (x0, ξ0) /∈ WF(ω)u, there exist a neighborhood V of x0, ϕ ∈D(ω)(Ω), ϕ = 1 in V and a conic neighbor-
hood Γ of ξ0 with the property∣∣ϕ̂u(ξ)∣∣ Cne−nω(ξ), ξ ∈ Γ, n ∈ N. (17)
Let Γ ′ be an open cone containing ξ0 such that Γ ′ ∩ Sn−1  Γ ∩ Sn−1 and let ψ be a function with the properties of
Lemma 5. Now, we decompose
ψ(D)u = ψ(D)ϕu+ψ(D)(1 − ϕ)u.
Since (1 − ϕ)u = 0 in V and the operator ψ(D) is pseudolocal, we deduce ψ(D)((1 − ϕ)u)|V ∈ E(ω)(V ). On the
other hand, by [7, Theorem 2.7], for every φ ∈D(ω)(Ω),〈
ψ(D)(ϕu),φ
〉= ∫ ϕ̂u(ξ)(∫ eixξψ(ξ)φ(x) dx)dξ. (18)
By Fubini’s theorem ψ(D)(ϕu) is actually the function
x →
∫
eixξψ(ξ)ϕ̂u(ξ) dξ.
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E(ω)(RN). Hence (ψ(D)u)|V ∈ E(ω)(V ) as desired. 
For any ϕ ∈D(ω)(Ω) and n ∈ N we denote
|ϕ|n := sup
x∈Ω
sup
α∈NN0
∣∣ϕ(α)(x)∣∣ exp(−nϕ∗( |α|
n
))
.
Following the proof of [7, Proposition 1.9], one can see
Proposition 4. Given a symbol a(x, η) in Sm,ωρ,δ (Ω), a test function ϕ ∈D(ω)(Ω), n ∈ N and A> 0, there exist Cn > 0
and a constant A˜ > 0 such that for |η|A|ξ |, the following inequality is satisfied:∣∣∣∣ ∫ eixξ a(x, η)ϕ(x) dx∣∣∣∣ Cn|ϕ|n emω(η)+log(A˜ξ)
en(ρ−δ)ω(A˜ξ)
.
Proof. Let 1 k N be such that |ξ | = |ξk|. Since a(x, η) is a symbol we know that∣∣Dxka(x, η)∣∣ Cn e(ρ−δ)nϕ∗(/n)emω(η)|η|−δ ,
for each x ∈ suppϕ and η ∈ RN . Integrating by parts j times,∫
eixξ a(x, η)ϕ(x) dx = (−1)
j
ξ
j
k
∫
D
j
xk
(
a(x, η)ϕ(x)
)
eixξ dx
= (−1)
j
ξ
j
k
j∑
=0
(
j

)∫
eixξDxka(x, η)D
j−
xk ϕ(x) dx.
We denote by I (η, ξ) the integral that we are going to estimate. We also suppose that A > 1. Then, by hypothesis,
|η|δ Aδ|ξ |δ Aj |ξ |δ. For |ξ | > 1, we have, being m(suppϕ) the measure of the support of ϕ,
∣∣I (η, ξ)∣∣ m(suppϕ)|ξ |j ·
j∑
=0
(
j

)
Cn|ϕ|n e
(ρ−δ)nϕ∗(/n)emω(η)
|η|−δ e
nϕ∗((j−)/n)
= C˜nemω(η)
j∑
=0
(
j

)
e(ρ−δ)nϕ∗(/n)
|η|−δ|ξ | ·
enϕ
∗((j−)/n)
|ξ |j−
 C˜nemω(η)Aj
j∑
=0
(
j

)(
enϕ
∗(/n)
|ξ |
)ρ−δ
· e
nϕ∗((j−)/n)
|ξ |j− .
We put A˜ := ( 12A)1/(ρ−δ) and take s such that
n
s
ϕ∗
(
s
n
)
 log
(
A˜|ξ |) n
s + 1ϕ
∗
(
s + 1
n
)
.
If  < j  s, then e
n
j− ϕ∗(
j−
n
)  A˜|ξ | |ξ |. Therefore,
enϕ
∗((j−)/n)
|ξ |j− 
(
enϕ
∗((j−)/n)
|ξ |j−
)ρ−δ
.
Which implies |I (η, ξ)| C˜nemω(η)( enϕ
∗(j/n)
(A˜|ξ |)j )
ρ−δ
. Now, taking the minimum on j (see [7, Lemma 1.5])
min
(
enϕ
∗(j/n)˜ j
)ρ−δ
 e−n(ρ−δ)ω(A˜|ξ |)+log(A˜|ξ |). 
0js (A|ξ |)
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is not necessary, in order to simplify the argument, we will assume in the proof of the next result that there is a weight
function σ such that ω(t
1
d ) = o(σ (t)), where d = ρ − δ.
Theorem 2. Let P(x,D) : E ′(ω)(Ω) → D′(ω)(Ω) be a pseudodifferential operator of (ω)-class and type (ρ, δ). Then
P(x,D) reduces the (ω)-wave front set in Ω .
Proof. We fix u ∈ E ′(ω)(Ω). Our aim is to see that
WF(ω)
(
P(x,D)u
)⊂ WF(ω)u.
Suppose that (x0, ξ0) /∈ WF(ω)(u). We select two cones Γ and Γ ′, ξ0 ∈ Γ ′, and a function ψ ∈ E(ω)(RN) as in
Lemma 5 with the additional property that ψ(ξ) is in the symbol class S0,ωρ,δ (Ω) (see the part (b) of Lemma 4) and let
V be the neighborhood that we obtain in Lemma 5. In order to simplify the notation, in what follows, we will denote
by ψ(D) the operator with symbol (2π)−Nψ(ξ), therefore ψ̂(D)ϕ(ξ) = ψ(ξ)ϕˆ(ξ) for each function ϕ ∈D(ω)(RN).
We put
P(x,D)u = P(x,D)ψ(D)u+ P(x,D)(I −ψ(D))u.
By Lemma 5, ψ(D)u ∈ E(ω)(V ). Since ψ(D)u ∈ D′L2,ω, then an application of Proposition 3 gives that
P(x,D)ψ(D)u ∈ E(ω)(V ).
On the other hand, A := P(x,D) ◦ (I − ψ(D)) is a pseudodifferential operator of (ω)-class and type (ρ, δ) with
symbol a(x, ξ) := p(x, ξ)(1−ψ(ξ)) that vanishes in Ω×Γ ′. We denote Γ0 := Γ ′. It suffices to deduce that (x0, ξ0) /∈
WF(ω)(Au). For this purpose, we fix ϕ ∈ D(ω)(Ω). We write σ(ξ, η) :=
∫
eix(ξ−η)a(x, η)ϕ(x) dx. We will estimate
|σ(ξ, η)| when ξ ∈ Γ ′0, where Γ ′0 is a conic neighborhood of ξ0, and Γ ′0 ∩ Sn−1  Γ0 ∩ Sn−1: For ξ ∈ Γ ′0 and η /∈ Γ0,
we have |η − ξ | λ(|ξ | + |η|) for some λ > 0. Therefore, by Proposition 4, we have for such η, ξ ,
∣∣σ(ξ, η)∣∣ Cn|ϕ|n emω(η)+log(A˜(ξ−η))
en(ρ−δ)ω(A˜(ξ−η))
. (19)
Moreover, if η ∈ Γ0, then a(x, η) = 0 for every x ∈ Ω and consequently also σ(ξ, η) = 0 for these η. Then the
estimate (19) holds for all ξ ∈ Γ ′0 and η ∈ RN . Moreover, for n sufficiently large, using the inequality |η − ξ | 
λ(|ξ | + |η|), we have∣∣σ(ξ, η)∣∣ C˜ne−nω(η)−nω(ξ),
for every ξ ∈ Γ ′0 and η ∈ RN . Thus, for each ξ ∈ Γ ′0 and k ∈ N,∫ ∣∣σ(ξ, η)∣∣ · ∣∣uˆ(η)∣∣dηDk(∫ e−kω(η)∣∣uˆ(η)∣∣dη) · e−kω(ξ).
If we check that
(̂ϕAu)(ξ) =
∫
σ(ξ, η) · uˆ(η) dη (20)
for ξ ∈ Γ ′0, then supξ∈Γ ′0 ekω(ξ)|(̂ϕAu)(ξ)| < ∞ and (x0, ξ0) /∈ WF(ω)(Au). In order to prove (20), let Ψ ∈D(ω)(RN)
be as in the second step of the proof of Lemma 2 and let us consider the (ω)-smoothing operator (see [7, 2.11(4)])
An : E ′(ω)(Ω) → E(ω)(Ω) defined as
Anu(x) =
∫
eixηa(x, η)uˆ(η)Ψ
(
η
2n
)
dη.
Since E(ω)(Ω) is a Fréchet–Montel space (see [4] and also [14]) and Anu converges to Au weakly in D′(ω)(Ω), we
obtain that ϕ̂Anu(ξ) converges to ϕ̂Au(ξ) uniformly in the compact subsets of RN . Moreover,
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∫ (∫
eix(η−ξ)ϕ(x)a(x, η)Ψ
(
η
2n
)
uˆ(η) dη
)
dx
=
∫
σ(ξ, η)Ψ
(
η
2n
)
uˆ(η) dη.
If we apply again the Dominated Convergence Theorem we have ϕ̂Anu(ξ) converges to
∫
σ(ξ, η)uˆ(η) dη for ξ ∈ Γ ′0
as n tends to infinity, which concludes the proof. 
5. Micro-hypoelliticity of differential operators with constant strength
Let us recall the definition of a constant strength operator. Given a polynomial p we put
p˜(ξ) :=
[∑
α
∣∣Dαp(ξ)∣∣2]1/2.
Then, a differential operator P = P(x,D) defined for x ∈ Ω is said to have constant strength if, for any x0, y0 ∈ Ω ,
C−1p˜(y0, ξ) p˜(x0, ξ) Cp˜(y0, ξ), ξ ∈ RN,
for some constant C > 0 depending on x0, y0.
Now, we can improve some results of [6] in terms of the wave front set. Any partial differential operator
P(x,D) =
∑
|α|m
aα(x)D
α
is assumed to have constant strength and coefficients aα in a certain non-quasianalytic ultradifferentiable class. First,
we give the definition of (ω)-micro-hypoellipticity. In the following definition, ∗ = (ω) or ∗ = {ω}.
Definition 6.
(a) Let T : E ′∗(Ω) →D′∗(Ω) be a continuous and linear operator. Then T is said to be ∗-micro-hypoelliptic in Ω if
WF∗(T u) = WF∗u
for every u ∈ E ′∗(Ω).
(b) If the operator T maps continuously E ′
(ω)
(Ω) into D′
(ω)
(Ω) and E ′{ω}(Ω) into D′{ω}(Ω) and is both (ω) and {ω}-
micro-hypoelliptic we simply say that it is w-micro-hypoelliptic.
Since the projection of WF∗u on the first variable is the ∗-singular support of u, it is clear that ∗-micro-
hypoellipticity implies ∗-hypoellipticity.
Theorem 3. Let σ,ω be weights such that σ is a strong weight and ω(t1/r ) = o(σ (t)) as t → ∞ (0 < r  1). We
assume that aα ∈ E{σ }(Ω) and P(x0,D) is {t r}-hypoelliptic. Then, P(x,D) is ω-micro-hypoelliptic.
Proof. Let us fix u ∈ E ′
(ω)
(Ω) and let us assume that (x0, ξ0) /∈ WF(ω)P (x,D)u. We fix an open neighborhood U ,
relatively compact in Ω, and such that suppu ⊂ U . If x0 /∈ U , then it easily follows that (x0, ξ0) /∈ WF(ω)u, because
u = 0 in a neighborhood of x0. Without loss of generality we can assume that x0 ∈ U . Now, according to the proof of
[6, Theorem 3.8], there are C > 0, n ∈ N and m ∈ N such that
(i) |p(x, ξ)| 1
C
(1 + |ξ |)rm,
(ii) |DαxDβξ p(x, ξ)|C|α|+|β|e
1
n
ϕ∗σ (n|α|)|p(x, ξ)|(1 + |ξ |)−r|β|,
if x ∈ U , |ξ | C and (α,β) 
= (0,0). Then, an application of [6, Theorem 3.4] gives the existence of a pseudodiffer-
ential operator Q = Q(x,D) of (ω)-class in U such that the composition Q ◦ P acts
E ′ (U) → E ′ (U) →D′ (U),(ω) (ω) (ω)
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acting from E ′(ω)(U) to E(ω)(U). Since Ru ∈ E(ω)(U), if we apply Theorem 2 to the pseudodifferential operator Q we
finally deduce (x0, ξ0) /∈ WF(ω)u. That is, P(x,D) is (ω)-micro-hypoelliptic.
To analyze the Roumieu case we fix u ∈ E ′{ω}(Ω) and we take a weight τ0 such that τ0 = o(ω) and u ∈ E ′(τ0)(Ω). For
every weight τ such that τ0  τ = o(ω), the condition τ(t1/r ) = o(σ (t)) (as t → ∞) is also satisfied. Consequently,
as we already proved, WF(τ )P (x,D)u = WF(τ )u. Now, an application of Proposition 2 gives that WF{ω}P(x,D)u =
WF{ω}u. 
With a similar procedure as in [6] we obtain the following consequences.
Corollary 2. Let σ be a strong weight and
r := lim sup
t→+∞
logσ(t)
log t
> 0.
We assume ω(t1/r ) = o(σ (t)) as t → +∞. If aα ∈ E{σ }(Ω) and P(x0,D) is (σ )-hypoelliptic, then P(x,D) is ω-
micro-hypoelliptic in Ω .
For particular choices of σ and ω we get,
Corollary 3. P(x,D) is ω-micro-hypoelliptic in Ω in each one of the following cases:
(i) ω(t) = o(ta2), all coefficients aα ∈ E{ta}(Ω), 0 < a  1, and P(x0,D) is {ta}-hypoelliptic.
(ii) ω(t) = o(td), 0 < d  1, aα ∈ E{td′ }(Ω), P(x0,D) is {t r}-hypoelliptic, r  d ′ and d ′  dr .(iii) ω is dominated by a Gevrey weight, the coefficients aα are real-analytic functions and P(x0,D) is (ω)-
hypoelliptic.
(iv) σ be a strong weight, aα ∈ E{σ }(Ω), P(x0,D) is elliptic (that is, analytic-hypoelliptic) and ω = o(σ ).
(v) ω(t) = o(td) for all 0 < d < 1, aα ∈ E{ta}(Ω), 0 < a < 1 and P(x0,D) is (ω)-hypoelliptic operator.
(vi) ω = o(σ ), σ(t) = (log(1 + t))s , s > 1, aα ∈ E{σ }(Ω) and P(x0,D) is (σ )-hypoelliptic.
It is a well-known fact that a constant strength operator with smooth coefficients is hypoelliptic if and only if it is
micro-hypoelliptic. A similar result for ultradistributions holds at least in some particular cases.
Combining [6, Corollary 2.9] and [6, Corollary 3.13] we obtain
Corollary 4. Let aα ∈ E{ta}(Ω), 0 < a < 1 and let P(x,D) of constant strength and (ω)-hypoelliptic. If ω(t) = o(td)
for all 0 < d < 1, then P(x,D) is also ω-micro-hypoelliptic.
Applying [6, Corollary 2.9] and using the proof of [6, Corollary 3.14] we have
Corollary 5. Let us assume that σ(t) = (log(1 + t))s , s > 1 and ω = o(σ ). If aα ∈ E{σ }(Ω) and P(x,D) of constant
strength is (ω)-hypoelliptic, then it is also (ω)-micro-hypoelliptic.
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